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Fuzzy numbers have been introduced by Zadeh in order to deal with imprecise 
numerical quantities in a practical way. We consider eight classes of fuzzy 
numbers. We define nine operations for the addition of these fuzzy numbers and we 
investigate interrelationships between these operations. Some interesting 
modifications of fuzzy numbers are briefly considered. Finally we study some 
particular classes of membership functions that are closed under certain addition 
rules. 
1. INTRODUCTION 
In daily life one often uses expressions like “about three” to indicate a real 
number in a vague but practical way. Such expressions are generally ill 
defined, if defined at all. On the other hand, we all attribute a certain 
meaning to the expression “about three.” Clearly, it would be of great value 
if one could make such vague notions more precise and operational. To this 
end one can introduce well-defined mathematical notions which reflect the 
intuitive meaning of the vague notions in a way -satisfactory for everybody. 
Similar problems arise in applications where often ill-defined instructions 
are given with the aim of changing an entity by addition, subtraction, or 
multiplication. Problems of this kind are met, for instance, in devising a 
fuzzy controller. During the cooperation in this area with Van Nauta Lemke 
(Group of Control Engineering, Department of Electrical Engineering, Delft 
University of Technology, Delft) there arose the problem of how to define 
fuzzy numbers and how to work with these new objects. 
The concepts of fuzzy numbers and fuzzy arithmetic were introduced by 
Zadeh [ 11. Since then, several authors have investigated properties and 
proposed applications of fuzzy numbers [2-121. The solution of fuzzy 
equations presents difficulties which are due to the fact that addition and 
multiplication of fuzzy numbers are noninvertible operations [8,9]. Conse- 
quently, the class of all fuzzy numbers is not a group under addition or 
under multiplication. 
In this paper we shall introduce eight different definitions for fuzzy 
numbers (Section 2). These may be expected to meet the respective needs in 
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corresponding applications. In Section 3 we introduce distance functions on 
the classes of fuzzy numbers. Our main purpose in this paper is to study 
addition rules for fuzzy numbers by using the aforementioned definitions 
(Section 4). In Section 5 we study some interesting modifications of fuzzy 
numbers. Subtraction is briefly considered in Section 6. Finally, in Section 7 
we investigate some classes of membership functions that are closed under 
certain addition rules. 
2. INTRODUCTION TO FUZZY NUMBERS 
2.1 Real Numbers 
We shall identify a real number a E R with the set {a} which consists of 
the single element a. As is well known, every subset S c R is uniquely deter- 
mined by giving its indicator function 
x E s 0 xs(x) = 1, x 62 s 0 &(X) = 0. 
If S consists of the single element a E I?, i.e., S = {a}, we have 
xs(x) = 1 - x = a, xs(x) = 0 0 x # a. 
Once some particular notion has been completely determined by expressions 
involving indicator functions, one obtains a characterization of a 
corresponding fuzzy notion by replacing the indicator function either by a 
membership function [ 131 which we shall abbreviate as “m.s.f.” 
f: R -+ [O, 11, 
or by [14] 
f:lR+L, 
where L is a lattice. 
The above relations for real numbers give us a clue for obtaining a 
definition of a fuzzy number a, viz. by replacing its indicator function with a 
membership function. This, however, will not suffice. Indeed, there is no 
reason yet to consider such a membership function as a fuzzy number, for in 
this way one obtains a fuzzy set without any connection with properties 
which are characteristic of real numbers. So we have to impose certain 
conditions on the m.s.f.‘s in order to get a meaningful definition of fuzzy 
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numbers. We shall confine the class of m.s.f.‘s in various different ways, 
thereby obtaining different classes of fuzzy numbers. It is clear that the 
decision to use some particular definition will in general depend on the 
problem in question. 
2.2 Definitions for Fuzzy Numbers 
A map f,: IF? + [0, l] such that f,(x) = 1 ox = a and lim,,, +,f,(x) = 0 
will be called a D,-fuzzy number, or simply a fuzzy number. By imposing 
various additional conditions on f, we shall define D,-fuzzy numbers for 
i = 2, 3,..., 8, resp. The class of D,-fuzzy numbers for fixed a E IR will be 
denoted by Li(a) (i = 1, 2 ,..., 8). 
We define the following conditions: 
(1) f, is continuous; 
(2) f, is monotone ascending on S; = (x E (-co, a): f,(x) > 0) and 
monotone descending on S,+ = (x E (a, oo): f,(x) > 0 1; 
(3a) f, is not descending on (-co, a) and not ascending on (a, CO); 
(3b) f, is monotone ascending on (-co, a) and monotone descending 
on (a, 00); 
(4) W Vita + 4 =fa(a - x)); 
(5) (3A) (x 6L [a - 1, a + A] *f,(x) = 0). 
The definitions for Di-fuzzy numbers can now conveniently be given as 
follows: 
A D,-fuzzy number, or simply a fuzzy number, f, is called a D,-fuzzy 
number if f, satisfies 
(1) for i=2; 
Pa) for i=3; 
(3a) and (4) for i=4; 
(1) and (3b) for i=5; 
(I), (3b), and (4) for i=6; 
(11, Pb), and (5) for i=l; 
(2) for i = 8. 
Let S, be the support off, : S, = {x E R: f,(x) > 01. The D,-fuzzy numbers 
f, with rational support S, c Q will be called fuzzy rational numbers or 
simply fuzzy rationals. Similarly, the D,-fuzzy numbers f, with integer 
support S, c Z will be called fuzzy integer numbers or fuzzy integers. 
Furthermore, one can define fuzzy algebraic numbers, fuzzy irrational 
numbers, etc. 
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Remark 1. In applications, fuzzy numbers are used to indicate a real 
number, not to describe just one real number. In general one can choose 
different real numbers which neither contradict nor agree completely with the 
notion one has about a fuzzy number like “about seven.” The extent to 
which some real number answers to the given description of the fuzzy 
number in question is represented by the membership value, i.e., the value of 
the membership function at that real number. 
The m.s.f. characterizing a fuzzy number serves to describe some vague 
notion connected with that fuzzy number. It is chosen in a subjective way, so 
that different persons may choose different m.s.f.‘s to express the same 
notion. This observation shows the strength and the weakness at the same 
time of this approach. 
Remark 2. A different but closely related vague notion is the often used 
phrase “of the order (of magnitude) of.” Some of our definitions given above 
can be used as well for vague notions of this kind. 
Remark 3. It is important to note that the meaning of such a vague 
notion depends not only on the person using it, but also on the noun 
following it, and moreover on the context in which it is used. 
Remark 4. For many fuzzy numbers it seems plausible that the m.s.f. 
should be continuous. In certain specific cases, however, a discontinuous 
m.s.f. is preferable. In this context we note that the indicator function for a 
real number is discontinuous. Hence a real number is not a Dz-. D,-. D,-. or 
D,-fuzzy number. 
2.3 THEOREM. Letf: iR + [0, 1 ] be an m.s.J such that 
(i) f is continuous, and 
(ii) lim,+,f(x) and lim,+,f(x) exist, then f is uniform11 
continuous on IR. 
Proof We have to prove that 
(Ve > 0) (36) (Ix’ -xXNI < 63 If(x’) -f(x”)l < E). 
Choose E > 0, and put lim,,, f(x) =p and lim,,-, f(x) = a; then we can 
choose a number A and a number B such that 
Hence for xi E (B, 00) and for x,!’ E (-co, A) we have 
IfW -f(xS)I < & and I./-W -“l-WI < E. (2.3.1) 
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Furthermore, we know that f is continuous on the closed interval [A, B] and 
therefore uniformly continuous on [A, B] which, in combination with (2.3.1), 
proves the theorem. 
COROLLARY. Membership functions defining a Dz-, D,-, D,-, or D,-fuzzy 
number are uniformly continuous. Hence the classes L,(a), L,(a), L,(a), and 
L,(a) consist for every a E R of functions which are uniformly continuous 
on R. 
2.4 LEMMA. 
a#b=+(u)nL,(b)=0 (i= 1,2 ,..., 8) (j= I,2 ,..., 8). 
Prooj This result is obvious. 
The following scheme expresses the relations between the different classes: 
Note that a D,-fuzzy number f, is an element from the class L,(u), which 
class is completely determined by a and i. 
As we have seen in Section 2.1, a real number can be given by its 
indicator function, which is everywhere zero except at one point where it 
takes the value one. Obviously we have 
Let x0 and xb be the indicator function of a and b, respectively; 
then xb can be obtained from xa by a translation, and this trans- 
lation is uniquely determined. So we have 
Vx> x&) =x,(x - b + 0). 
An arbitrarily chosen element of L,(u) and an arbitrarily chosen element of 
Li(b) cannot, however, be obtained in general from each other by means of a 
translation. The relationship between L,(u) and Li(b) can be expressed by 
let f, E Li(u) and let cp: R -+ [0, 1 ] be defined by o(x) = 
f,(x - b + a); then we have (D E L,(b) 
and 
The class Li(b) can be obtained from the class L,(u) by a trans- 
lation. 
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2.5 Sets IL, 
In Section 2.2 we introduced the class ti(a) of D,-fuzzy numbers f, with 
f,(a) = 1. Now we introduce the set 
Li = u &(a), i = 1, 2 ,..., 8. 
aelF 
Hence ILi is the set of all D,-fuzzy numbers. As we noted in Section 2.2, an 
indicator function x cannot belong to iii for i = 2, 5,6, 7. The real numbers 
are limit points of IL, and the real number a is a limit point of L,(a). The set 
iL,(i = 2,5,6, 7) is not closed, however, for by counterexamples we show that 
the limit points do not belong to it. To see this we consider g,,(x) = e-“-‘-” 
with a E R. Then 
g, E L,(a)(Vn E bJ + ); 
but lim,,, g,(x) =x0(x), and hence lim,,, g,,(x) ~5 li,. On the other hand 
let h,(x) = e-lxmn’. Then h, E L,(n), but 
lim h,(x) = 0 (Vx) 
n+‘x 
and we see that lim h,(x) is neither a fuzzy number nor the indicator 
function of a real number. 
3. DISTANCES 
3.1 
Let f, and f* be two D,-fuzzy numbers; then we define the distance 
function d, : IL, x IL, + [0, l] by 
4u7Lh) = v If,(x) -fb(x)I; 
x 
and the distance function d,: II, X IL, --t [0, a), j = 2, 3,4, by 
d,(f,,f,)=la-bl+VIf,(x-b)-f,(x-a)l, 
x 
d,(f, rfb) = v l&(x-b)-fm-a)L x 
d,t.fi,&) = v x I47(x) - &xx) 1. 
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3.2 THEOREM 
di(f, 7.h) = di(fbYf,)V i= 1,2,3,4; Cj) 
di(fa ,fJ = 0 0 a = b Af, =fb 9 i= 1,2; 
d,(f,,f,)=Oo(a=b=O)V(a=b#OAf,=f,), i=3,4; 6-i) 
di(fa vfb) + di(fb vfc) 2 di(fa vfc)? i = 1,2,3,4. Cjjj) 
ProoJ (j) The proof of (j) is trivial. 
(i.i> We have d,(.L,,fb)=O= O'x)(f&)=f&))~ df,=fb) A (a =b), 
where f, =fb implies fb(a) = 1 and according to Section 2.2 we have a = 6. 
WXJ=O4Ia-bl=O)A (\i'l.Mx-b)-./Xx-a)l=O) 
* (a = 4 * KWLC(x- b) =f&-411 
0 (a =b) A (f, =fb). 
ddLJ,) =Oo b'x) W&-b) = &(x- a)). 
Taking x = a + b we get a = b, hence d,( f, , fb) = 0 =t- a = b, hence 
4UX)=04W bLL(x-Wf&-41=Ol 
a(O=a=b)V ((a=b#O)Adf,=fJ}. 
The equivalence 
U.&&)= Oe (Vx) k&(x) =&b(x)/ (3.2.1) 
leads to a = b fb(a) A afa(b) = 6, and hence a = a f,(b)fb(a). If a # 0, then 
f,(b) fb(a) = 1, hence f,(b) =fb(a) and Section 2.2 gives a = b. From (3.2.1) 
we obtain in this case f, =fb. 
If a = 0, then from (3.2.1) we get (Vx) (bf*(x) = 0), which implies b = 0. 
In both cases we have a = b, and as soon as we know that a # 0, we get 
f, =fb* 
For the second part of (jj) the implication z- has now been proved. The 
inverse part is trivial. 
(jjj) The following inequalities are easy to see: 
d,(f,,fb) + d,(fb,fc) 
= v I f,(x) -fb(x)I + v If&) -f,(x)l x x 
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+ v [f,(x - b) -fb(x - a)/ + v If& - cl -./xx - b)l 
~,*~cl;-V,S,(x-b-c)-f,(~-a-c), + 
+ v L&(x - Q - c) -f,(x - Q - b)l x 
> IQ - cl + v li.f,(x -b - c) -.I@ - a - c)l 
x 
+~fb(X-u-c)-.f,(x-~-~)l~ 
> la - cl + v If,(x -b - c) -f,(x - a - b)l 
x 
= la -cl + \! I&(x - cl -Lb-all = W-~LCJ~ 
= v l&(x - b) - 6(x -a)l 
+ V I b&,(-x  cl - cf,(x - b) i 
= y (af,(x - b - c) - bf,(x - a - c) I 
+ ‘v (b&(x - a - c) -,c&(x - u - b) 1 
x 
>////u&(x-b-c)-&(x-u-b)/ 
x 
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d4(fa ,fJ + d‘l(fb dz) 
= v I @xx) - K,(x) I+ v I w-b(x) - d”(x) I x x 
2 v l4Ax) - &xx) I+ I vxx) - cf,(x) I x 
> v I @xx> - cf,(x) I = 4(fo XL-)* x 
3.3 
From Theorem 3.2 we see that both d, and d, define a distance on IL,, so 
(IL,, di) is a metric space for i = 1, 2. As to d, and d4, we note that the D,- 
fuzzy numbers& constitute a special class in the sense that for every pair of 
elements f;, f,” E L,(O) we have 
di(fhvf{)=o for i=3,4. 
Let IL; be defined by IL; = IL ,\L , (0); then d, and d4 each define a distance on 
IL; and (IL;, di) (i = 3,4) is a metric space. 
From 
LjC IL, (j = 1, 2,..., 8) 
we see that d, and d, are defined on lLj, so (lLj, di) (i = 1, 2) is a metric 
space. As is well known, a metric space is called complete if every Cauchy 
sequence converges to some element of the metric space. The space 
(IL,, d,)(i = l,..., 4) is not complete. 
COUNTEREXAMPLE. We consider the sequence (f ‘,“‘I of D,-fuzzy 
numbers defined by 
fY=x, + (1 - (W))Xz3 
where xi is the indicator function of (j} (j = 1, 2). From 
d,Gf'i"",f'i"')=I(l/~) - (lln>l 
we see that (f 1”‘) is a Cauchy sequence in (IL,, d,). Let us suppose that 
f: R --t [0, 1 ] exists such that lim, _ o. d,(f y), f) = 0, which implies that 
(V’E > 0) (3N) (n > N*d,(f:“‘,f) <E). (1) 
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Choose an E and determine N according to (1). Then we know that 
n > N* v Ix,(x) +(1 - (lln))xz(x) -./%)I < F; 
hence 
(Vx) (Ix,(x) + (1 - (W))Xr(X) -“m)I < E). 
In particular, x = I gives Il-f(l)l<a and x=2 gives 
Il-(l/n)-f(2)l<E, f rom which we see f(1) = 1 and f(2) = 1, which 
proves that f@ ii,. 
In the same way 
diVl”‘,fl”‘) = I C1ln) - (‘lm>l (i = 2, 3,4) 
proves that (fy)} is a Cauchy sequence in (IL,, di). In a similar way we see 
that 
lim diui”‘, f) = 0 
n-02 
impliesf(l)= 1 andf(2)= 1, hencef@G li,. 
3.4 
Let X be the universe. On 9(X), the set of all subsets of X, we consider 
the symmetric difference operator @ defined by 
A,BE.Y(X)s-A@B=AhJxB. 
It is well known that (9(X), 0) is an Abelian group with 0 as the neutral 
element. 
Let F be the class of all fuzzy sets on X, then we define the operations 
@,(i = 1, 2,..., 5) by 
f! Oif2:x+ Lo9 ‘1 
such that 
U-L OJJ(x) = u-,(x) -fiw2; 
u-l O*.&?)(x) = If,(x) -f&)1; 
(f, OJXX) = V,(x) A (1 -x?(x))1 ” ((1 -f,(x)) w-z(x)J; 
(.A 04fi)(x) =./-l(x) +.m) - vl(xlM~); 
u-l osfiw = VI(x) * (1 -.A@))~ + ((1 -J-l(x)) ~fz(x)~; 
with f,.Z Efl and xE X. 
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Now we introduce d: .F x F --t [0, 1 ] defined by 
U-i d4 E Y x 7 3 4.A JJ = v U-1 Oz.fz)(x)~ 
It is easily seen that d:ST x F+ [0, l] is i distance on .F x .7. This 
contains as a special case that d: IL, x IL, + [0, 1 ] is a distance on IL, x IL, 
(cf. Section 3.3). 
4. ADDITION OF FUZZY NUMBERS 
4.1 Introduction 
In the set of the real numbers R we know rules for operations such as 
addition, subtraction, and multiplication. Such rules are not defined for fuzzy 
numbers, and the rules which hold for real numbers cannot be applied in a 
unique way. 
We shall introduce some rules for addition and study the properties of 
these addition rules for D,-fuzzy numbers. In general we should like to 
introduce a map p, 
p: IL, x Lj + IL,, 
such that p reflects the notion of “fuzzy addition.” 
In this paper we shall restrict ourselves to the case i = j = k, i.e., we shall 
consider only those operations which amalgamate two D,-fuzzy numbers into 
some D,-fuzzy number. 
As is well known, addition of real numbers can be expressed with the help 
of indicator functions. Let xa be the indicator function of the real number a 
and let xo+b be the indicator function of the sum a + b, then we have the 
following list of relations: 
Xa+b(X) = i/X,(Y) *xi+ -Y) = VX,(Y)X& -v> 
Y , 
= f {x,(x - b) + x& - ~11 
=x,(x - b) + xdx - a> -x,(x - 6) xdx - a> 
=x,(x - b) &,(x - a) = x:(x - b) x7(x - a), n,mEN+, 
= x,(x - b) A X*(X - a) = x,(x - b) V xb(x - a) 
= ax,(x - b) + (1 - a) &,(x - a), a E [O, 11. 
Of course, this list is not exhaustive. It is clear that different equivalent 
formulas can be given. 
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4.2 DeJnitions, Operations, and Properties 
In Section 4.1 we have considered the addition of real numbers. We have 
seen that the indicator function of a + b can be expressed in terms of the 
indicator function of a and b, respectively, and we have given nine different 
equivalent formulas. 
The mutual equivalence of the given expressions is closely connected with 
the fact that the range of an indicator function consists of the set (0. 1 }. 
Indeed, the equivalence is lost (in general) when the range is extended to the 
interval [0, 11. This implies that the sum of two fuzzy numbers can be 
defined in essentially different ways. In analogy with the nine expressions 
given in the previous section we choose the following nine definitions. 
4.2.1 DEFINITIONS. Letf, and fj be two D,-fuzzy numbers (i = 1, 2,..., 8) 
and let r E (0, co); then we define the fuzzy number 
foui’fb: R + 10, l] (j = 1, 2 ,..., 8, a) 
vb6.M~) = V LAY) ~fdrx - (r - l)(a + b) -A-); 
(f,ulMx) = VAAY) xfi,(r-~ - (5 - l)(a + 6) -I’); 
(f, a;fJ(x) = j{f,(r(x - a -b) + a) f&($x -a - 6) + b)}: 
(f,o~fJ(x) =fa(r(x - a - b) + a) +fh(r(x - a - b) + 6) 
-f,(t(x - a - 6) + a) &(r(x - a - b) + b); 
(f,$fJx) =fa(r(x - a - b) + a) fb(r(-y - a - 6) + 6); 
(f,uifb)(x) =fi(r(x - a - b) + a)fr(r(x - a - b) + b), n, m E N + ; 
(f,uJfb)(x) =fa(r(x - a - 6) + a) A&(r(x - a - b) + 6); 
(f, u;fb)(x) =f,(r(x - a - b) + a) V&(r(x - a - 6) + 6); 
(LCfXx) = MJ+- - a - 6) + a) 
+(l-a)f*(r(x-a-b)+b),aE(O,l). 
Note that the subscript j in UJ is not restricted to the natural numbers, 
j E (0, 1) u (1, 2 ,..., S}. 
The values a = 0 and a = 1 have to be excluded in order that the dependence 
on f, and f, is not lost. Note, finally, that 
u;;2 = a;. 
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In the above definitions we have assumed that both f, and fb are D,-Fuzzy 
numbers with one and the same i, but obviously each of these definitions can 
be used for any pair of fuzzy numbers. In this paper we shall be mainly 
concerned with addition of fuzzy numbers of the same kind. 
We obtain an important special case by taking r = 1. Instead of o,! we 
shall use the symbol +j, 
So we have, e.g., 
+j 3 u; 0’ = 1, 2 ,..., 8, a). 
(f, +,&fax) = vmJ4 A\fb(x -VI, 
and 
+ I!2 = +3- 
In this paper we shall pay attention in particular to the addition operator +i. 
4.2.2 EXAMPLE. Letf(x) = e-X2; then one has (see Fig. 1) 
(fu;f)(x) = v e-s2 * e-(Tx-s)’ = ,-li4Tw~ 
g, = fat f = e-‘/4x2, g, =fg: f = emxz =fi 
g, =fo:f = e-9-r2/4 , g, = fo: f = e-‘“‘. 
4.2.3 CommutativitJr 
THEOREM. (i) The addition operator a; (j = 1, 2 ,..., 5, 7, 8) is 
commutative. 
FIG. 1. Part of the graph of the function g,(x) = em “4r2X2 for 5 = l-4. The level e-l’? is 
the locus of the points of inflection of g,. 
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(ii) The addition operator ai is commutative if n = m. 
(iii) The addition operator ai has the propert) 
f,o:,&=fb~;-,fa (a E (07 1)). 
Proof. These results are obvious. 
4.2.4 LEMMA. For every pair of D,-fuzzy numbers f, and fb we have 
(f2ffJa + b) = 1, (j = 1, 2 I..., 8, a). 
Proof. The proof is simple. m 
4.2.5 Associativity 
Let f, , fb, and f, be D,-fuzzy numbers; then 
((f,o:fd aif,) = V i/f,(r) Afb(= - (5. - l)(a + 6) -Y) 
; Y 
A f,(rx - (r - l)(a + b + c) - z). 
We introduce the new variable w by putting 
sz-(s- l)(a+b)-y=w+(s- 1)~. 
Thus we obtain 
((fxfb)oTL)(x)=VVf,(Y)*f,(w+@- l)c) 
)I’ y 
Af,((?X - (r* - l)(a+b+c)-y--)/r). 
In a similar way we have 
(fbGfc)(s> = vfb(4 Afc(rs - (r - l)(b + cl - z>, 
and, by introducing the new variable U, u = z - (s - 1) c, 
(f,G(f*o;“c))(x> = v i/f,(Y) Afb(U + (T - 1) c) Afc(r2x - (r2 - 1) 
Y u 
X(a+b+c)+(a-c)(s-l)-ry-u). 
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In the special case when r = 1 we have 
((f, +I fi) +Jxx) =v Vf,(Y) ~\fb(w) Mc(x -Y- wh H’ Y 
(f, +,wb +If,>>w = v Vf,(Y) M&) A”c(x -Y - u)- 
Y u 
It follows that the operator o’f is not associative, except in the case t = 1. In 
general one can prove 
THEOREM. The addition rule +j is associative for j = 1, 2,4, 5,1, 8. 
Remark. The above results constitute one of the reasons why we restrict 
ourselves in this paper mainly to the addition rule +j. 
42.6 Neutral Elements 
Let f, be a fuzzy number and let xb be the indicator function of the real 
number b; then we have 
(fA x&4 =fMx - a - 4 + 4, 
and in particular for b = 0, 
WT x0>(x) =fa(+ - a) + a). 
So we see that x0 is not a neutral element with respect to the addition UT 
when r# 1. 
Let us consider in particular the D,-fuzzy numbers. One easily verifies 
that x0 is a neutral element for the binary algebras (IL,, +,), (IL,, +2), 
(IL,, +,J, and (IL,, +8). On the other hand, there exists no neutral element for 
(IL,, +Z). Indeed, suppose that f, is some neutral element for (IL,, +J); then 
we have 
f, hfb =f,9 Vfa. 
This gives 
4 Ifa@ - 4 +fG - 4 I =faW 
In particular for x = a, 
f,b - b) +fbW = 2, 
which implies b = 0. Inserting this into (2) we get 
f& - 4 =f,W 
(2) 
This equation does not hold for every m.s.f. f, E IL,. 1 
409 ‘92 ‘2 2 
316 DIJKMAN, VAN HAERINGEN, AND DE LANGE 
Since r is positive we have, for any f, E IL, 
(f,o;&)(x) =fo(r(x - u - b) + u + b): 
(f, 0; ,&)(x) = ff,(s(x - u - b) + a). if s f a + b. 
=I . if x = a + b: 
(f, 4 xdx) =.M+ - a - b) + a); 
(f,G Xb)(X) = x, +dx); 
CL2 G XbNX) = x0 +dx); 
(Lx 0; XbD) = xc?+*(x); 
(f, 0; x&) =.L,(r(x - a - b) + a); 
(f, 0: xdx) = a.L(r(x - a - b) + a)- if x#u+b, 
= 1 7 if x = (I + 6. 
4.2.7 THEOREM. Let f: R + [ 0, I] be a membership function such that 
(i) f is continuous on R, 
(ii) lim,+,,f(x) and lim,, -,z J(x) exist, 
and let g: R + [0, 1 ] be an arbitrary membership function; then the functions 
cp, and q2, defined by 
cp,(x)=Vf~)Ag(rx-B-4'), 
Y 
r>O, PEb 
~o,(x)=Vf(y)xg(rx-p-y), 
respectively, are membership functions which are uniformly continuous on R. 
ProoJ: It is sufficient to prove 
(VE > 0) (36) (IX--‘I < d/r* lPi(X)-Pi(x’) I < &)7 
for fixed r > 0, for i = 1, 2. According to Theorem 2.3, the function f is 
uniformly continuous on R, so for any E > 0 we can find a 6 such that 
I Y -Y’I < f3* IflY) -f(Y’)l < E* 
We choose x and x’ such that Ix - x’ I < 6/r. Then we have 
cp,(x’)=Vf(z)Ag(rx’-/3--z). 
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We introduce the (fixed) variable q = r(x’ -x). In view of the above we 
have 1 of 1 < 6. By substituting z - q = y we get 
rp,W) = v f(z) A gtrx + ? -D-z) = v f(Y + rl) A g(rx -P -Y>* 
Z Y 
From the uniform continuity off and the inequality 1 q 1 < 6 we obtain 
Hence 
--E +f(y + 7) < f(Y) < E +fty + rl)* 
(4 +f(v + rl)} Ag(rx -P -Y) < (f(Y) A g(rx -P -Y)> 
< {E +f(r + ?)I A &r-v -a -4’). 
Clearly the braces may be omitted, so 
--E +f(y + ?> A &TX -P -Y) Q dft Y) A g(rx -P - 4’)) 
<E+fb+v)Ag(rx-D-y). 
By taking the supremum V, we get 
--E + v,(x’) G%(X) GE + fP,(x’)+ 
so that 
lx--‘I <s/tsI~,(x)--,(x’)((E. I 
The proof of the uniform continuity of rp, is obtained from the above proof 
by replacing the infimum symbol A by the multiplication sign X. 
Remark 1. When f and g are fuzzy numbers we may denote them by f, 
and fb, respectively. By taking p = (r - l)(a + b) we get 
v,(x) =foo’ffb, IPAX) =faGf* * 
Remark 2. We shall use the results of Theorem 4.2.7 in the particular 
case r = 1. Under the conditions given in the theorem we have that f, +, fh 
and f, +* fb are uniformly continuous m.s.f.‘s of the type f, + b. 
4.3 The Operation +, 
In this section we shall investigate the operation + , , which is defined by 
t& +J&) = Vf*(Y) A&(X-Y) = Vfi& -Y) A”&(Y) 
Y ? 
where f, and fb are fixed D,-fuzzy numbers for some fixed i. 
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For the ordered pair vb,fb) we define the classical sets, 
U,(x) = iz:f,(z> <f,C.~ - z)L 
U,(x) = {z:“&(z) =f& - 2) t, 
U,(x) = Pmz> >“fi(x - z)b 
LEMMA 1. The sets U,(x), Uz(x), and U,(x) constitute a partition of R, 
i.e., they are mutually disjoint sets whose union is R, 
U,(x) f-l Uj(X) = 0, i#j 
U,(x) u U*(x) u U,(x) = R. 
Proof: This result is evident. 1 
In analogy with the classical sets Ui we define the classical sets W, by 
interchanging f, and fb in the definition of Vi, e.g., W,(x) = 
{z: Mz) <“ax - z)l* 
Furthermore, we define the classical set x T U,(x) by 
p E x T U,(x) 0 (32 E U,(x))( y = x - z). 
LEMMA 2. 
x T U,(x) = W,(x), x T U*(x) = W*(x), x T U,(x) = W,(x). 
ProoJ: First, we take u E U,(x); then f,(u) <&(x-u). By putting 
x--u=& we have tE W,(x), sox-uE W,(x). Hence 
x T U,(x) c W,(x). 
Second, we take w E W3(x), so &(w) >f,(x - w). By putting x - w = s we 
get fb(x - s) >f,(s), which gives s E U,(x). Hence 
w=x-SEX-7 U,(x)* W,(x)cxTu,(X). 
The two remaining relations are proved in the same way. 1 
LEMMA 3. 
xfa+b*x-bE U,(x)AaE U,(x), 
x = a + b 3 a E U,(a + b). 
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Proof: These relations follow from the definition of Vi. 
LEMMA 4. Let f, and fb be two D,-fuzzy numbers (i = 2,5,6, or 7); then 
(i) U,(x) and U,(x) are open sets; 
(ii) U,(x) is closed. 
Proof: (i) For every z E U,(x) we have 
fb(X - z) -f,(z) = a > 0. 
We introduce the function I+V by putting 
f,(r) -ax - 5) = w(x, 5). 
Clearly t&x, a) is a continuous function, so there exists a neighbourhood 
(z’, z”) 3 z of z such that 
5 E (z’, z”) 3 1 v(x, r) - l//(x, z)l < +a. 
This implies that (z’, z”) c U,(x), which proves that U,(x) is an open set. In 
the same way one proves that the set U,(x) is open. 
(ii) Let (zn } be a sequence such that 
z, E Uz(x), n E N, lim z, = z. n-CC 
By using the continuity of the D,-fuzzy numbers we have 
f,(z) = j\y f&,1 = ;\; f& - ZJ =.w - z) 
=x z E U,(x) =a VI(x) is closed. 
We introduce the mappings pi: R -+ [0, 11, i = 1,2, 3, by 
ViCx)= V f,(Y)? i= 1,2, 
yEL’i(X) 
G%(x) = v ax -Y>- Y’EC,,(X) 
Lemma 1 gives 
(f, +,fb)(x) = P,(X) ” rpl(X) ” e(x)- 
from which we have 
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LEMMA 5. 
L+ifb2cOi~ i= 1, 2, 3. 
LEMMA 6. 
(f, +,fb)(x) >m - 6) “fdx - a) tlXE R; 
in particular for x = a + b 
K +,.&)(a + b) = 1. 
Proof: From Lemma 3 we know 
(x - b E u,(x)) A (a E u,(x)) if x # a + b. 
Hence 
(v,(x) >f,(x - b)) A (PA-~) 2.&(x -a)), 
and by applying Lemma 4 we get 
(f, +,fb)(x) >fJx - 6) “A& - a) if x f a + b. 
FromL+,f,>~2v and a E U,(a + b) (see Lemma 3), we have 
(f, +,Ma + b) > v2@ + b) =f,(a) = 1, 
so 
(f, +,.&,)(a + 6) = 1. I 
LEMMA 7. Let f, and fb be two Dj-fuzzy numbers (j = 5,6, or 7); then 
fa +I fb = Pi? i= 1,2.3. 
Proof: Since the m.s.f.‘s f, and f, are continuous, it follows that the 
functions v and t,u, which are defined by q(x, a) =f,(.) A fb(x - . ), and 
(cf. Lemma 4) ~(x, .) = f,(.) - fb(x - . ), respectively, are also continuous. 
For all x # a + b we have 
w(x, a) = 1 -fb(x - a) > 0, iy(x, x - 6) = f,(x - b) - 1 < 0, 
whereas for x = a + 6, 
w(a + b, a) = 0. 
Therefore the equation ~(x, y) = 0 has for every given x some solution I’. 
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From the continuity of ~(x, .) it follows that we can find a real number J’,, 
such that 
(f, +Jxx) gf Vf,(v> A&(X-Y) =“mo) A.&(x -Yoh (3) 
that is, the supremum is attained. Let us suppose that f,(e) and&(x - a ) are 
either both ascending or both descending at y,. Then there exists a point 4’; 
in a right or left neighbourhood of y0 such that 
f,(Yb) *m -4’3 >f,(Yo) A.&(x -Yo)* (4) 
According to (3) we have 
f,(ro> u& -Yo) = Vf,(Y) AL&-u), 
Y 
which contradicts (4), hence!,(.) and fb(x - . ) cannot be both ascending or 
both descending. This implies that f,(s) is ascending (descending) at y, and 
&(x - . ) is descending (ascending). It can easily be verified that y0 = a and 
y, =x - b are excluded. Then from the continuity off, and fb we have 
Ml +LMx) =.xYo) =fb(x -Yoh 
i-e., Y, E u,(x) and ti +JXx> = e(x)- 
Clearly the function ~(x, .) is monotone in a neighbourhood of y,. Let us 
first suppose that y(x, -) is ascending at y, i.e., f,(o) is ascending and 
J,(x - . ) is descending. In this case we can choose a sequence (y,,} such that 
~1, T ~0 and ~6, u,) T wk ~0). 
This means that 0 = v/(x, y,) > I&Y,,) and hence y, E U,(x). This implies 
that 
v,(x) >.MY,); lhMv,) = W/Xx -Y,) =.L(.Y~) = v2(x>v 
v,(x) 2 Vfh,) =MYo) = &) = CL flfi)(X)~ 
n 
from which we get 
v,(x) = P*(X) = CL? +I.Ldx)~ 
On the other hand, if ty(x, .) is descending at y,, then we can find a 
sequence { y,} with y, 1 y, and ~(x, y,) 1 ~(x, yo) and the proof goes along 
the same lines. 
In the same way one proves that ~~(x) = o,(x). 1 
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a x-b 
u, (4 - - U,(x) _ 
t qod 
FIG. 2. Counterexample for Dz-fuzzy numbers (cf. Lemma 7). With f, and fb as shown, 
we have cp,(x) = &) =P, P,(X) = Cr, +&)(x) = 4. Since P c 4, P,(X) > P,(X) = I~(-+ 
It may be noted that the relations given in Lemma 7 do not generally hold 
for D,-fuzzy numbers with i = 1, 2, 3,4, or 8. Indeed, it is easy to construct 
counterexamples for these cases. In particular for the case i = 2 we note that 
the property of continuity is not suflcient for the proof of Lemma 7. From 
Fig. 2 it is easily seen that Lemma 7 does not hold for D,-fuzzy numbers. 
4.4 Some Interrelationships between fj and +k (0; and a;) 
In this section we shall obtain some inequalities for the quantities f, +jfb 
(Section 4.4.1) andf,crj’ fb (Section 4.4.2), for j = I, 2,..., 8, a, wheref, and fj 
are given D,-fuzzy numbers. 
4.4.1 
LEMMA 1. 
fu +zfb al +,fb. 
Proof: This is an immediate consequence of 
(Vx, J’) (f,(Y) Afb(X -Y) >fa(v) f*@ - 4’)). 
LEMMA 2. 
(f, +zfb)(x) >f,(x - b) Vfdx - a) Vx). 
Prooj From the definition off, +z fb we have 
(fa +zJm) = VfaW fb@ - 1)) >f,(Y?)“m - ?‘I (Vx, y). 
? 
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By choosing y = a we get 
K +dW) kG(x - 4 
and for y=x-b we have 
(.L +z.Mx) >f,(x - bh 
which yields the proof of Lemma 2. 1 
LEMMA 3. 
Proof: See Lemma 2 and the definition of +?. 1 
LEMMA 4. 
Proof: 
(f, +&)(x) =f,(x - b) +fbh - a)i 1 -fob - b)l >f,(x - 6); 
=&(x - a> +f,(x - b){ 1 -f& - a)/ >f,(x - a); 
* (f, +JfbW >f,(x - 6) VfJx - 4 = (f, f8f2W 
LEMMA 5. 
f, f6fb Gf, +5f* <f, f7fb Gf, +.A Gfo +sfb. 
ProoJ: This result is obvious. 1 
LEMMA 6. 
f, +A <f, +a fb Gf, f8 fb 7 a E (0, 1). 
ProoJ For any p, q E [0, 1 ] one clearly has 
PAq<w+(l-a)q<pVq. I 
LEMMA 7. (i) The operations +, and +4 are not comparable; 
(ii) The operations +* and +4 are not comparable. 
ProoJ: It is sufficient to give a counterexample, i.e., a particular example 
for which both the inequalities 
fi < +4 and fi > +d (i= 1,2) 
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are valid, for different x, respectively. To this end we take a = b = 0 and 
consider the m.s.f. 
f,(x) =fdx) =fo(x) = 1 - Ix13 if 1x1 < 1, 
= 0, if 1.~1 > 1. 
Then we have 
Ml +4 f,>(x) =f,(xU -.Mx)) = 07 for x=1, 
3 = ii, for x = 4. 
Furthermore, 
(fo+,fo)(X)=Vfo(Y)Afo(x-Y)=t, for x = 1 (take],= f), 
and 
3 
= 5, for x=+(takey=$), 
(Al +*fo)(x) = Vfo(YMX -Y) = a, for x= 1 (takey=f), 
9 =-, for x=f (takey=$). 1 
From Lemmas l-7 we have, in a symbolic but obvious notation, 
4.4.2 
The results obtained in Section 4.4.1 for the special case r = 1 can be 
generalized to all r > 0. 
THEOREM. Let f, and fb be fuzzy numbers; then we have, for 5 E (0, 0~) ) 
where UT is an abbreviation off, uf fb. Note that 
fa6.h = :if, 0% +faGfbl- 
Neither the operations UT and ai nor the operations a; and a; are 
comparable. 
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4.5 Nomenclature 
We have introduced rules for the composition of D,-fuzzy numbers. In 
applications it may happen that we are not free in the choice of the 
composition rule. It can occur that the rule we have to choose is, to some 
extent, prescribed either by the apparatus which creates the fuzzy sum out of 
the two fuzzy numbers or by the way those two fuzzy numbers themselves 
were created. 
In view of this we should like to have some insight into the degree of inter- 
ference of the various composition rules. To this end we translate the m.s.f.‘s 
f, and fb such that they have their maximum at the same point, x = a + 6. 
We put 
LAX - b) = g(x), fb(x - a) = h(x), 
K + jfb)Cx) = sj(x)9 j = 1, 2 ,..a, 8, a. 
Then we have the following inequalities (cf. Section 4.4.1): 
Some of these relations are illustrated by Fig. 3. We see that the operations 
+, , +*, and +s act as fizzifiers whereas +5, +6, and f, can be qualified as 
defuzziJiers. 
Further consideration of the above inequalities makes the following 
definition plausible: 
DEFINITION. Let f, and fb be two D,-fuzzy numbers, and let the fuzzy 
number which acts as their sum be given by f, +jfb ; then we call the 
composition rule +j 
strongly fuzzifying if j= 1; 
rather fuzzifying if j=2: 
fairly fuzzifying if j=4; 
weakly fuzzifying if j=8; 
indifferent if j-3ora; 
weakly defuzzifying if j= 7: 
rather defuzzifying if j=5; 
strongly defuzzifying if j = 6. 
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a+b 
FIG. 3. Sketch of the relations which exist between the functions g, h, s,, s2, and s5-sI[. 
EXAMPLE 1. If a (nonfuzzy) number is split in three parts, each of which 
is fuzzy, then addition of two of these fuzzy numbers will result in a fuzzy 
number which, however, has a tendency to be less fuzzy than the constituent 
parts. For such a situation one of the defuzzifying composition rules 5, 6, or 
7 is appropriate. The situation corresponds to some extent to what happens 
to the variance when adding negatively correlated stochastic variables. 
EXAMPLE 2. Consider a system which after a single (fuzzy) input goes 
on to produce fuzzy numbers as output. If we add two of the fuzzy numbers 
produced by this system, a positive “correlation” may be expected, so we 
should use a fuzzifying composition rule. This compares with the strong 
increase in variance when adding two positively correlated stochastic 
variables. 
If the system is a machine that should produce items of a certain fixed 
weight, we can take the output as the weights of consecutively produced 
items. In the world of stochastic variables it is customary to assume that 
these weights are independent whereas in this case they are assumed to be 
positively correlated. There is, however, no real discrepancy. The fuzziness 
can be considered as influencing the expected value of the stochastic 
variables involved. This fuzzy expected value will remain fixed for a whole 
batch of products and around this value the independent stochastic fluc- 
tuations can operate. 
EXAMPLE 3. Of course a third possibility exists, corresponding to 
independence of stochastic variables. If no knowledge is available as to how 
the two fuzzy numbers are related to each other or how the process of 
adding them is performed in reality, an addition rule which interferes as little 
as possible might be most suitable. In those cases we could choose one of the 
indifferent composition rules 3 or CL 
4.6 The Closedness of IL, 
In this section we shall investigate whether Li is closed with respect to the 
operation +i. 
FUZZY NUMBERS 321 
4.6.1 THEOREM. The set II, is not closed with respect to +, and +* ; II, is 
closed with respect to +j, +4, +s, +6, +,, +g, and +u. 
ProoJ: We define the m.s.f.‘s f, and fb by 
f,(a) = 1, 
f,(a + 1 - l/n) = 1 - l/n, n = 2, 3,..., 
f,(x) = 07 if x#a+ l-l/n, n=l,2 ,..., 
and, for some fixed x,, # a + b, 
&(x0 - a - 1 + l/n) = 1 - l/n, n-lEN+ 
fdx) = 0 if x f 6, x # x0 - a - 1 + l/n, 
n-lEN+. 
Clearly both m.s.f.‘s are (0, -) fuzzy numbers. Now we get 
(f, +,f4(xo) = Vf,(Y) A&(x0 -Y) 
= V f,(a + 1 - l/n) A fb(x, - a - 1 + l/n) 
nsN+ 
= df,(a) A fb(xo - a)) V V (1 - l/n) = 1. 
IlEN+ 
This implies that both x, = a + b and x,, #x, satisfy the equation 
(f, +,fb)(x) = 1, so that f, +, fb is not a D,-fuzzy number. From 
f,(a + 1 - l/n) fb(xo - a - 1 + l/n) = (1 - l/n)’ 
we obtain 
(f, +*fJ(xo) = v f,(Y) fdxo -Y) 
> VL(a + 1 - l/n)fb(x, - a - 1 + l/n) 
n 
= V (1 - l/n)’ = 1. 
n 
Since uO +2fb)(a + b) = 1 it follows that f, +*fb 6Z 11,. 
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For the proof of the second part of the theorem we choose arbitrarily two 
D,-fuzzy numbers f, and fb. From 
K +Jm) = 1 *&a-~ - 6) +“f& - a) = 2 
+fJx - b) = 1 A fb(x - a) = 1 3 I = a + b 
it follows that IL, is closed with respect to the operation f3. The remaining 
proofs for +j (j = 4,..., 8, a) can be given in a simple way. 1 
4.6.2 THEOREM. The class ILz is closed with respect to the 
operation +j (j = 1, 2 ,..., 8, a). 
Proof: (i) One can easily verify that (f, +jfb)(a + b) = 1. Now we 
suppose (f, +&)(c) = 1, and we are going to prove that c = a + 6. 
Since f, and fb are continuous, we can choose a sequence ( y,, 1 such that 
/l_m, fxY”) *fb(c -r,) = 1. (5) 
lim f,(x) = ,$mmfb(x) = 0 
I.xl+rx 
it follows that it is allowable to assume that all Y,, belong to one and the 
same finite interval. Therefore the sequence ( y, 1 possesses an accumulation 
point d. We choose a subsequence ( .II,,~ out of (y, 1 such that 
lim k- 00 Yrtk = d. Relation (5) implies that 
which obviously yields 
Wm f,( y,J = 1) A WA& -Y,,) = 1). 
By using the continuity of both m.s.f.‘s we get 
f,(d) = 1 A fb(c - d) = 1. 
This is equivalent to d = a and c - d = b, which proves c = a + b. 
For the proof of 
(f, +*fi,)(c) = 1* c = a + b 
slight modifications are necessary. The other cases (+j,j = 3, 4,..., 8, CI) are 
treated by using Theorem 4.6.1. 
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(ii) Second, we shall prove 
Choose E > 0. Since f, and fb are D,-fuzzy numbers, we can find numbers A 
and B such that 
I YI > A *L,(Y) < G 
Then we have the inequality 
I YI > B *.MY) < E. 
Vf,(Y)Af,(X-Y)< v (.fu(Y)AMX-Y))“E. s lsl <A 
IfIxl>A+BandIyl<A,thenIx-yl>B,so 
(6) 
Ixl>A+B* v f,(~)Af,(x-.v)<~. (7) 
IS $A 
Relations (6) and (7) imply that 
i.e., 
lim (f, +I.tdx) = 0. 
IXId03 
In the same way one proves lim,,,,, df, f&)(x) = 0. The proof of this 
limit relation in the cases j = 3, 4,..., 8, a is elementary. 
(iii) Finally, we shall prove the continuity of f, +,fj. From 
Theorem 2.3 we know that 
(VE > 0) (36) (It - t’l < 6 3 If&) -f*(t’)l < E). 
By considering the implications 
Ix--‘1 <S*I(x-y)-(XI-.Y)l <s~Ifb(x-y)-fb(x’-y)l <E 
=-fbw -u> - 6 Gxx -Y) <./xx’ -u) + E 
=‘f,O) ALf&’ -Y) - 6 IGo “6(x -Y) 
G(Y) A Lm’ -VI + E I
-MY) NW -Y> - E CL(Y) A&(x -Y) 
G,(Y) A&(x -Y) + ~3 
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we have 
IX -4 < b w)lf,(~j kw 39 -E <f,(4’j kfi(x -19 
a(Y) AfdX -)‘I + E I. 
By taking V, we get 
Ix -x’ I < f3 * vb +&w) - E < df, +,h)(x) < K +,.Mx’) + E. 
Hence Ix - x’ I < 6 3 1 (f, +&J)(x) - (f, +,&)(x’)I < E, which proves that 
f, +,fb is uniformly continuous. One proves the uniform continuity of 
f, +& in the same way. For the other cases it is obvious. 1 
4.6.3 THEOREM. The class IL, is closed under +j tj = 1, 2 ,..., 8, a). 
Proof: We consider the operation +, . Let f, and fb be two D,-fuzzy 
numbers. In the same way as in Section 4.6.2 one can prove 
lim ,x,+co (f, +i f*)(x) = 0, and that df, +, fJ(a + 6) = 1 is obvious. 
Now we suppose (f, +, fJ(c) = 1. Then we can choose a sequence ( yn 1 
such that 
f,(v,) Afb(c -in) T 1. 
We may suppose that all y, belong to a finite interval, hence the set { y,,} has 
an accumulation point d. We choose a subsequence ( y,,) such that 
( i\z Ynk = d 1 A K(Y,,> T 1) A (f& -L,) T 1). (8) 
We suppose d < a. Then we can choose a number K such that 
k > K 2 I y,,, - dl < +(a -d), 
which implies k > K + y,,, E (-co, a). The function f, is not descending on 
(-co, a), hence f,(y,J T 1 gives y,,, T d, implying f,(y,,) <f,(d). Combining 
this with (8) we get f,(d) = 1 hence d = a, which contradicts d < a. So we 
have proved d > a. In the same way one can prove d < a; hence d = a. The 
proof of c - d = b runs along the same lines, hence c = a + b. 
Now we shall prove that f, +, fb is not ascending on (a + b, 00). We 
consider f, +, fb at the points x and x’ with a + b < x < x’. For every 
y E (a, x - b) we have 
(x-y<x’-y)A(b<x-y)A(b<x’-y), 
so 
fb(X -Y) >f*(x’ -4’11 
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from which we obtain 
v f,(Y) A&(x -Y) a v f,(Y) Am’ -Y)* 
).E(a.x-b) re(o,x-b) 
It is easy to see that this inequality can be extended to 
Hence 
v f,(Y) *.m -Y) a v f,(Y) Afh(x’ -Y)* ,,EIP YEffi 
a + b < x < x’ =a (f, +,fdx) 2 (f, +,fb)(x’). 
In the same way one can prove that f, +, fb is not descending on 
(-co, a + b). In an analogous way the theorem is proved for the 
operation +*. The proofs for the other cases are simple. 
4.6.4 THEOREM. The class IL, is closed under +j (j = 1,2 ,..., 8, a). 
ProoJ Let f, and fb be symmetric m.s.f.‘s; then f, +jfb is also a 
symmetric m.s.f., for j = 1, 2 ,..., 8, a. In order to prove this for j = 1, we 
choose 1 E R and write 
(f, +I&)(a +b+l)= vf,(Y) '.&da +b+l -Y) 
= i/f&l - Z) A fb(b + A + Z) 
= yf,(a + Z) Afb(b - A - Z) 
= v f,(U) A fb(a + b - A - U) 
=(;+,fs)(a+b-1). 
For j = 2, 3,..., 8, a the proofs are either similar or trivial. 
The proof of the theorem now follows by using Theorem 4.6.3. 1 
4.6.5 THEOREM. The class IL, is closed under +j (j = 1, 2 ,..., 8, a). 
ProoJ From Section 2 we know that !L, c IL, and II, c IL,. So we have 
to prove that f, +, fb is monotone ascending on (-co, a + b) and monotone 
descending on (a + b, co), where f, and fb are D,-fuzzy numbers. We 
distinguish two cases: (I) x > a + b; (II) x < a + b. 
409.,92/2-3 
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(I) We introduce the function v by putting 
V(-? 4’) =L(v) -fb(x --4’h 
Then we have 
I&, .) is a continuous function on [a, x - b]; 
y(x, a) = 1 -f*(x - a) > 0; 
v(x, x - b) =fy(x - 6) - 1 < 0; 
~(x, 0) is monotone descending on [a, x - b]. 
It follows that there exists one and only one point y,, between a and x - b 
such that 
Now we consider a point x, > x. Then we have a < X, - b, and we see that 
there exists one and only one point y, such that 
.fxY,) -fib, -YJ = 0. 
From 
v/(x, 1 Yo) =f,(Yo) -fb(x, -Yo) 
and 
.6(x, -Yo) cw -Yoh 
we obtain 
VQ, 3 4’0) >fa(Yo) -f& - 4’0) = 0. 
From 
w(x, 7 Yo) > 0, w(x, y,) = 0, 
and the fact that w(x, .) is monotone descending, it follows that y, > yo. The 
relations 
VI, +LMx) =f,(Yo)~ f..L +LmxI) =fa(y,) 
are easily verified. Sincef,( yo) >f,(y,) we have 
K +&W) > K +Jax,)r 
which shows that f, +, fh is monotone descending on (a + 6, co). 
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(II) The proof for the second case, x < a + b, is analogous. For 
j = 2, 3,..., 8, a the proofs are easily obtained. 1 
4.6.6 THEOREM. The class IL, is closed under +j (j = 1, 2 ,..., 8, a). 
ProoJ: The proof follows from Theorems 4.6.4 and 4.6.5. 1 
4.6.7 THEOREM. The class II, is closed under fj (j = 1, 2 ,..., 8, a). 
Proof: Let the m.s.f.‘s& satisfy 
X @ [Ui - lj, Ui + Ai] *&i(X) = O(Ai > 0) (i = 1, 2). 
Then we have 
X@ [~,+a~--~--2,~,+a~+~,+~2]~(f,,+jf,,)(~)=O 
(j= 1, 2 ,..., 8, a). 
as is easily verified. The proof of the theorem follows by using 
Theorem 4.6.5. 1 
5. MODIFICATION OF FUZZY NUMBERS 
5.1 Introduction 
In the foregoing sections several definitions and addition rules have been 
given for fuzzy numbers. In this section we shall consider a given fuzzy 
notion, to be called “aleph a,” of which the membership function is given by 
a fuzzy numberf,. In the same way we suppose that “aleph b” has the fuzzy 
number fb as its membership function with R as its universe. We suppose 
that “aleph a” and “aleph b” have to be composed and lead to “aleph c” 
such that +j is the composition rule to be used. This means: 
aleph a +j aleph b = aleph c 
with 
f, = fa +jfb . 
It often occurs that with aleph a we meet the notion “very aleph a,” “very 
very aleph a,” etc. 
Zadeh suggests the rule: If “aleph u” hasfas its m.s.f., thenf’ is the m.s.f. 
for “very aleph a.” In connection with this rule and the given addition rules 
we want to consider the problem 
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If aleph u +i aleph b = aleph c, does this relation imply 
very aleph a +j very aleph b = very aleph c? 
5.2 THEOREM. Let f,, fb, and f, be m.s.f.‘s which satisfy the relation 
fa +jfb =fc* 
Then we have 
fZ+jfi=ff, (j = 1,2,6, 7,8). 
Proof: We shall prove this for j= 1. The relation f,(x) = 
v,f,(y) A fb(x - y) implies that for every E > 0 we have a y8 such that 
f,(x) - E Gf,(YE) Afb(X -Y,). 
hence 
This relation being true for every E > 0 leads to 
f%ff+If;. (9) 
It is easily seen that for every given E > 0 we can choose ~7’ such that 
i/ff(Y)Af;(x-~)-~,<f:(~‘)Af;(x-~’)~ 
hence 
/i/f i(y) Af; (X-Y) --E 1”’ &fob”) Af,(x-Y) 
)’ 
< Vf,(Y) Afb(X 9) =fc(x). 
Since this inequality holds for every E > 0 we have 
iyf i(v) Af;(x -Y) 1 I” CC(x). (10) 
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Combining the relations (9) and (10) we get 
f,:+,f,‘=ff. 
The proofs for the cases j = 2, 6,7,8 are easy. I 
Generalization. Let f, and fb be two D,-fuzzy numbers; then we have 
(fa$fbY = f ,” oi’f b” 3 j = 1, 2, 6, 7, 8, r > 0, a > 0. 
In particular for 5 = 1, 
(fa +jf*)= =f ,” +jf b” 3 j= 1, 2, 6, 7, 8, a > 0. 
6. THE EQUATION f, +jfr =f, 
6.1 
Let f, and fb be two D,-fuzzy numbers. Then f, +jfb is again a D,-fuzzy 
number f, for i = 2, 3,..., 7 and every j. As to D,-fuzzy numbers, the 
statement is true for j = 3, 4,..., 8, a. Now we put the question whether for 
every pair of D,-fuzzy numbers f, and f, there exists a D,-fuzzy number fs
such that 
The answer is negative; see also [8-lo]. 
To see this, we suppose that f, and f, are given and that ft satisfies the 
equation 
According to the relations given in Section 4.4 we have 
f,(x) >fa(x - 0 “f&x - a) Vx). 
By substituting < = c - a we get 
f,(x) X(x - c + 4 (Vx). (12) 
From this relation we see that f, and f, cannot be chosen arbitrarily; it is 
easy to choose two fuzzy numbers which violate relation (12) so for these 
numbers Eq. (11) cannot be solved. 
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6.2 THEOREM. Let f, and f, be given D,-fuzzy numbers, and let fi be a 
D,-fuzzJJ number which satisfies 
Then fl is the unique solution in li,. 
Formulated in a dlflerent way, the equation f, +, fl = f, has in IL, at most 
one solution ft. 
Prooj Let fl and g, be two D,-fuzzy numbers such that 
f, l tlf[ =f, +I g, =f,. 
Evidently, < = c - a. Consider any u E I?. 
(i) When u = <, we have ft(u) = g,(u) = 1. 
(ii) When u > 6 we choose x such that 
fs(u) =f,(x - u), r=c-a<u<x-a. 
(iii) when u < <, we choose x such that 
f&u) =fa(x - u), x-a<u<r=c-a. 
See Fig. 4. Then we have 
f,(x) = (f, +,fs)(x) = v f&9 Af,(x -y) =fa(u) =fa(x - u) 
v 
= (f, +1 g,)(x) = V &(Y) Af,(x -y) = g,(v) =f,(x - v) 
Y 
for some v E I?. Since f,(x - . ) is strictly monotone on (-co, x - a) and on 
(x - a, co), it follows that u = v, and so f,(u) = g,(u). 1 
Let f, and f, be given fuzzy numbers, possibly belonging to different 
classes ILi, and let ff be a solution of the equation 
I I / I I I 
c-a ” x-a x-a u c-a 
FIG. 4. The functions fr(.) and f,(x - . ) in the case (ii) u > c= c --a (left) and (iii) 
u < c = c - a (right). 
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One easily verifies that this solution fL 
(i) is unique when j = 3,4,6, or a; 
(ii) is unique for j = 5 if {x:&(x) = 0) = 0; 
(iii) is not necessarily unique when j = 7 or j = 8. 
6.3 THEOREM. Let f, and f, be given fuzzy numbers such that 
Then the equation 
(Vx) df,(x-4<f,(x-4). 
f,(x - t) Vfs(x - a) =f,(x) 
has at least one solution fs. Similarly, 
Vx> df,(x - c) >f,(x - a)) * ($)(f,(x - 0 *f&x - a) =f,(x)). 
Proof It is easily seen that the function ft defined by 
f&x) =f,(x + a) 
is a solution in both cases. 1 
It may be noted that for every x with f,(x - a) #f,(x - c) the value of 
f&x - a) is uniquely determined. 
7. SOME CLASSES OF M.S.F.‘s WHICH ARE CLOSED UNDER +j 
AND o:, RESPECTIVELY 
7.1 Introduction 
In probability theory and in mathematical statistics an important role is 
played by some special classes of probability functions, namely, those which 
are closed under the addition of independent stochastic variables. Some well- 
known distributions having this property are the normal, the Poisson, and 
the x2. Indeed, the sum of two independent stochastic variables each having a 
distribution from one of these classes has a distribution which belongs to the 
same class. 
In this section we shall study certain classes of m.s.f.‘s which are closed 
under the operations +j and a;, respectively. To this end we introduce some 
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new notations, 9:’ and <,,. 
define (9:‘} and {r,} by 
Let (f,,} be a given class of m.s.f.3. Then we 
9w = L(.~) =L,W 
9:: L(X) = (9:’ +jf,,+,)(x)7 n = 1, 2,.... 
L+,(x) = <rA~,+,)(-~)~ n = 1, 2,.... 
7.2.1 The Class A, 
Let A, be the class of m.s.f.3 f, : R + [0, 1 ] with 
f,(x) = exp(-(x - a)‘/oZ). a E R, o,E IR+, 
and let (f,,) be a sequence of m.s.f.3 chosen from /i ,. We use the 
abbreviations, 
k=l 
After some calculations we obtain by induction that 
9A”(x) = exp(-(x - sJ2/dJ, 
9p’(x) = exp(-(x - s,)‘/u~), 
p:“(x) = exp -(x -s,)’ + 
( 
-’ +Lk ’ 
1 
9\“(x) = exp (4x - sJ2/J dk), 
We note that 9:” and 9’2’ have also been studied by Nahmias [5]. n 
7.2.2 The Operation 0; and the m.s.jI <, 
In this section we consider the operation a;, with r > 0, i.e., 
(f, C&)(x) = Vf,W Afbb - 6 - W + b) - r>. 
Y 
We use the abbreviations, 
4 =a=,, 48 = 6%” + A” - ,)/G n = 2, 3,.... 
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Then we find, by induction, 
A, = r’-” oa, + ;- Tk-n-l ~ 
k:2 
ak’ t,(x) = ew(-(x - qJ’/CJ. 
It is interesting to investigate the convergence of the sequence {r,, }. 
Clearly, lim,,, <,, exists when lim,,,(x - s,)/n, exists for all x E R. This 
condition, however, is not sufficient o guarantee that lim,,, c,, is a D,-fuzzy 
number. A condition necessary for lim <,, being a D,-fuzzy number is that 
lim s, exists, which means that r a,, is a convergent series. Suflcient 
conditions are 
lim s, = s E R, 
“-02 
lim A,=kE R+. 
n-m 
Then 
i:it I&(X) = exp(-(x - s)‘/12). 
In the special case when r = 1 we have I, = pn, and 
A= lim I, = C cram, s=lims,=xu II’ 
In this case the convergence of Ca, and Coo, implies that lim {,, is a Di- 
fuzzy number for i # 7. 
7.3 The Class A, 
Let /i, be the class of m.s.f.‘s f,: R -+ [0, l] with 
f,(x) = e+-a’, a E R, 
and let s, and <, have the same meaning as before. By induction we obtain, 
for n = 2, 3,..., 
&(x)=exp (-]x-~~]r’-r//2+ zl r*I), for r>O 
= exp(-lx - s.l>, 
=exp(-n-‘Jx-ss,]), 
7.4 The Class G, 
for t= 2 
for 5= 1. 
In Section 7.2 we studied the class A, whose elements can be obtained 
from emX2 by substituting x = (y - a)/b. In this section we shall consider the 
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class G, whose elements are generated from some given D,-fuzzy number 
(3 ,< i < 7) ~1 by a linear transformation. 
THEOREM. Let ,u: R + [0, 1 ] with p(a) = 1 be a D,-fuzz~l number 
(3 < i < 7) and let G, be the class of fuzzy numbers f, defined bjl 
J-E G, 0 (3~ E R + > (3q E R) Vx) U-(x) =/0(x - 4))). 
Then G, is closed under the addition operation o; (r > 0). 
Proof Let the m.s.f.‘s& be defined by 
hCx> =Pu(Pitx - Si)), i= 1,2. 
For convenience we first consider the special case a = 0. Then we have 
p(O)= 1, so 
.fXSi) = l, i= 1,2. 
Therefore, 
(f,a2)(x) = Vf,(Y) Afi($x - 41 - 42) + 41 + 42 -Y) 
Since ,u is a D,-fuzzy number with 3 < i < 7, the function ,u is not descending 
on (-co, 0) and not ascending on (0, co). This implies that the above 
supremum is attained for that value of y which follows by equating the 
arguments of the two functions ,u, 
A(4 -s,) =IJ2ir(x - 41 - 42) + 41 -Y ta 
In this way we find 
(f, mxx) = P(FX - 4)9 
with 
P = 5(P*P2I(P* + P2)) > 09 4=P(4* + 42) E f?. 
In the general case a E R, we have &a) = 1, so 
h(4i + (a/Pi>) = l, i= 1,2. 
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In the same way as before we get 
with 
P = a-v2l@l + P2)h 4=&, +42)+4r- 1). 
So we see that for r = 1, p and 4 are independent of a, 
(f, +,fiN) =A(P,P2h +Pz)>(x - 41 - q2))7 UEIR. I 
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